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Interest into vertical take-off and landing aircraft has been renewed in recent years due to the rapid 
development of technology in the area and the numerous advantages іnterest into vertical take-off 
and landing aircraft have over traditional airplanes and helicopters. With the development of 
lightweight Micro-Electro-Mechanical System sensors it has become possible to construct 
autonomous models of Interest into vertical take-off and landing aircraft to efficiently and cost-
effectively develop control concepts and compare design variations. This paper focuses on the 
design and construction of an autonomous quad rotor aircraft. A mathematical model of the system 
has been developed and used as the basis of a suitable controller designed. A Kalman filter has also 
been designed and incorporated into the control system. The filter is capable of determining craft 
attitude based on feedback from orthogonally positioned gyroscopes and accelerometers. 
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Introduction.Unmanned aerial vehicles (UAVs) are crafts capable of flight without an 

onboard pilot. 
They can be controlled remotely by an operator, or can be controlled autonomously via 

preprogrammed flight paths. Such aircraft have already been implemented by the military for 
recognizance flights. Further use for UAVs by the military, specifically as tools for search and 
rescue operations, warrant continued development of UAV technology. 

A quad-rotor helicopter is an aircraft whose lift is generated by four rotors. Control of such a 
craft is accomplished by varying the speeds of the four motors relative to each other. 

Quad-rotor crafts naturally demand a sophisticated control system in order to allow for balanced 
flight. Uncontrolled flight of a quad-rotor would be virtually impossible by one operator, as the 
dynamics of such a system demand constant adjustment of four motors simultaneously. 

The quad rotor is a four bladed craft which has advantages over both helicopters and 
traditional aircraft. A quad rotor design is highly manoeuvrable and capable of vertical take-offs 
and landings. The significant runway requirements imposed by traditional aircraft are a 
considerable draw back. Conventional aircraft must operate between runways and do not provide 
the flexibility of іnterest into vertical take-off and landing (VTOL) aircraft. Іnterest into vertical 
take-off and landing aircraft have the advantage of being able to access congested areas and can 
land practically anywhere that has an opening equivalent to the vehicle footprint. There are many 
situations where this ability would be required such as evacuations of elevated areas and transport 
of goods to areas where road access is not available. Іnterest into vertical take-off and landing craft 
also offer direct access to buildings or areas making them a very fast form of transport between 
areas, especially those which are elevated or have limited access.  

The quad rotor design is one which reduces the mechanical complexity inherent in helicopters 
and other VTOL aircraft. Directional control is produced by individually altering the speed of the 
four motors. Collective pitch propellers are not required in a quad rotor design. This greatly reduces 
the mechanical complexity. A quad rotor consists of two fixed pitch clockwise spinning propellers 
and two counter-clockwise spinning rotors which diagonally oppose each other as shown in Fig. 1. 
This results in the reactive force of each propeller being effectively cancelled out by the diagonally 
opposite propeller’s reactive component. This eliminates the need for a helicopter tail rotor.  

Quad rotor craft have further efficiency and mechanical advantages. They have four small 
propellers as opposed to a single large propeller. Having small propellers reduces the torque on the 
system which means that the blades can be driven at higher velocities which reduces mechanical 
vibrations and increases motor efficiency. Less craft torque and vibration obviously put less stress 
on the mechanical components of the craft. 
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Fig. 1. Quad rotor Operation 

The manoeuvrability and stability of quad rotor crafts are advantageous even at a small scale. 
Interest has been shown in using quad rotor craft for video surveillance tasks with prototype craft 
currently in use by the Liverpool police [5]. These tasks range from taking footage of sporting 
events to surveying infrastructure with limited access for maintenance purposes. This thesis outlines 
the creation of a model quad rotor craft. A mathematical model of the quad rotor system was 
created. Based on this a suitable attitude controller was designed and tuned. The controller was then 
implemented on a prototype along with a Kalman filter which forms attitude estimates based on on-
board sensory data. Appropriate motor velocities were then determined by the controller and 
applied to the motor via speed controllers. 

Quadrotor system model. The development of a suitable attitude controller for the quad 
rotor prototype required an accurate dynamic model to be developed. A Newtonian modelling 
method was chosen to define the quad rotor dynamics for control purposes. The Newtonian method 
is the most popular choice for modelling rigid bodies in six degrees of freedom and has been used 
extensively for the modelling of traditional helicopters [1; 3]. As a result of this, the Newtonian 
based equations used to represent a rigid body in six degrees of freedom are well defined and can be 
found in many texts [3; 4]. The equations can be summarised as: 
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Equation 1 defines the linear movement of the craft. p is defined as a vector containing the 
displacement along the x, y and z axis of the centre of the body frame with respect to the inertial fixed 
frame. v is a vector containing the linear velocities of the body frame. As displacement is the 
derivative of velocity equation 1 can be easily formed with the derivative of p being equal to v. 

Similarly the total thrust force imparted on the body attached frame can be derived using the 
facts that acceleration is the derivative of velocity and that force is equal to mass multiplied by 
acceleration. GzI

  is the acceleration caused by gravity which is along the zI  axis by definition. 
T represents the total thrust force applied to the quad rotor aircraft by the four motors and 
m represents the mass of the craft. R is called the direction cosine matrix and is often used when 
representing attitude [4]. It is used in this case to transfer the forces acting on the craft into an 
inertially fixed frame. 

Тhe total thrust force imparted on the body attached frame сan be defined as: 
4 4 2

1 1 ,i ii iT F b w                 (2) 
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where w denotes the propeller velocity and b is a proportionality constant depending on the density 
of air, the cube of the radius of the propeller blades, the number of blades, the chord length of the 
blades, the lift constant, the drag constant (associated with the airframe) and the geometry of the 
wake [3]. 

It can link the derivative of the rotational matrix to the rotational matrix by a matrix known as 
the Skew Symmetric Matrix.  

 1 2 2
4 2 ,a db w w                (3) 

where 1
a  is a torque produced by a mismatch between the side propellers which will result in the 

craft rolling; d represents the distance from each propeller from the centre of mass of the quad rotor. 
b is the same constant as the one used for the determination of total thrust. 

This matrix can be defined as ( )S V V    where   represents the angular velocity of the 
craft relative to the body frame axis and x denotes the cross product of the two vectors. V represents 
any real vector.  

Determine a torque produced by a mismatch between the front and rear propellers which will 
result in the craft pitching as  

 2 2 2
3 1 .a db w w                (4) 

Equation 4 is very important for control purposes as it contains the controllable input as well 
as the terms requiring control. It is based on the Newtonian relationship fI a  . Torque is equal to 
inertia multiplied by rotational acceleration. Equation 4 equates the torques present in the quad 
rotor system. 

The expression fI   defines the overall system torque and is required to be driven to 0 by the 
controller. The expression fI   equates the torque generated by the cariole’s effect and a  is 
the thrust produced by the propellers. The airframe torques generated by the motors can be equated 
using the general equation of torque Fd  . 

Determine a torque produced by a mismatch between the diagonally opposing propellers 
which will result in the craft yawing 

 3 2 2 2 2
1 3 2 4 ,a k w w w w               (5) 

where k is a constant used in the calculation of yaw force which depends on the same factors as b. 
The Carioles torque fI   only has an impact on quad rotor dynamics during a change in 

yaw position. Each quad rotor propeller spins around the z axis with an angular velocity, giving any 
point on the rotor an instantaneous linear velocity in the x, y plane [3]. If the craft yaws, the blade of 
the propeller experiences cariole’s acceleration due to the rotation of the reference frame as per the 
definition of carioles acceleration. The acceleration will result in the application of a torque to the 
propeller and as result the craft. 

The equations above are identical to the equations used to create a basic model of any 
helicopter and have been well documented. Due to the four separate propellers a quad rotor also has 
a gyroscopic term which can be considered. Gyroscopic precession is due to the changing of the 
spin axis of the propellers. With the addition of a term accounting for gyroscopic precession 
equation 4 becomes: 

4f f a aI I G        

The Gyroscopic effect can be defined as  4 1
1 ˆ ( 1)i

a r I iiG I z w
    

[3; 4] where Ir  is the 
propeller inertia. It can be seen from this definition that the gyroscopic effect only impacts the 
dynamics of the quad rotor during a change in pitch or roll. This is in line with the definition of 
gyroscopic precession as when a yaw manoeuvre is undertaken the spin axes do not undergo any 
change. 
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Expanding equations 2 and 4 allows both the linear and angular dynamics of the quad rotor 
craft to be modelled in appropriate simulation software. The quad rotor motors were also modelled 
using the well-defined brushed DC motor transfer function and experimentally determined values. 

Controller design and tuning. Given time restraints, a PD controller was selected to provide 
attitude of the quad rotor craft. The implementation of the controller deviated from normal PID 
controller implementation due to the feedback information available. 

Proportional compensation was provided for the Euler based attitude estimate with a 
derivative term being used to provide compensation for the angular velocities. The use of the actual 
angles of roll, pitch and yaw as feedback into the controller allowed for attitude set points to be 
used to enable the craft to be manoeuvred.  

As the angular velocity of the craft is calculated using on-board gyroscopes the derivative 
term of the controller is available in real-time and does not have to be calculated based on previous 
attitude samples. This changes the traditional PID controller implementation slightly. The 
traditional implementation can be defined as: 

0
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t

p i d
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where pK  is proportional gain, iK  is integral gain, dK  is derivative gain and e(t) is defined as the 
difference between the actual controlled variable value and a desired valued. The quad rotor 
controller will be targeted at forcing the attitude angles to desired set points. As a result e(t) can be 
defined as: 
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The proportional component of the controller can be implemented once e(t) is defined. The 
integral and derivative components are normally far more computationally intensive. By utilizing 
the craft angular velocity estimate the derivative control component can be simply and efficiently 
calculated. The craft angular velocity can be considered to be the derivative of the attitude angle 
measurement and the control set points can be considered as constant values. In general: 

 Set point Attitude Angle ;

Constant Craft Angular Velocity;

Craft Angular Velocity.

de d
dt dt
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The Integral term cannot be calculated as the integral of the attitude angle is not measured by 
sensors. The PD controller implementation used takes the form: 
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Output (Set point Measured Roll)
Output (Set point Measured Pitch) ;

Output (Set point Measured Yaw) .
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For any controller to be effective accurate system feedback has to be provided. Data from 
Gyroscopes and Accelerometers mounted on the craft have been fused together using a Kalman 
filter in an attempt to produce accurate attitude and angular velocity estimates. 
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Kalman filter design. In 1960, R. E. Kalman published his famous paper describing a 
recursive solution to the discrete-data linear filtering problem [6]. The Kalman filter is a set of 
mathematical equations that provides an efficient means of estimating the state of a process, in a 
way that minimizes the mean of the squared error. The filter is capable of estimating past, present 
and future states. 

The Kalman filter estimates a process using a developed linear model of the system.  The 
system is defined so as to fit the form: 

1 1 1k k k kx Ax Bu w      
With feedback measurement: 

k k kz Hx v   

The matrix A relates the state at the previous time step, 1kx  , to the state at the current time, 

kx . Matrix B links the control input u to the state x. The H matrix relates the state kx  to the 
measurements kz . In the case of the quad rotor craft the measurements are provided by the 
gyroscopes and accelerometers. Wk and vk represent the process and measurement noise 
respectively.  

A Kalman filter is used to estimate the state of the system using a number of recursive steps. 
Initially the future system states are estimated by calculating ˆkx  and kP using the following equations: 
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where Q – is used to represent process noise; P  – represents the total estimated error covariance. 
The states are estimated for a defined time step into the future. Once this time step has 

elapsed that estimate is corrected based on the sensor information related to the instant in time. The 
correction is made using the following equations: 
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where K – represents the Kalman gain; R – is defined as the measurement noise covariance; I – is 
an identity matrix. The above process is implemented in a cyclic fashion so as to constantly 
estimate the process state. Fig. 2 shows the complete Kalman filtering process. 

The Kalman filter has been selected to provide the required sensor fusion. The attitude 
estimation model used to develop the Kalman filter is based upon the following relationship 
between angular velocity and Euler angles [4].  
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True attitude angle can be defined as true b w   
 where   is the angular velocity from the 

gyroscope, b is gyroscope drift rate compensation and w is Gaussian white noise. The continuous state 
space representation of the Inertial Measurement Unit (IMU) can therefore be described as:  
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Fig. 2. Kalman Filter Implementation [6] 

This equation can be discretised by calculating recursively calculating x and adding it to the 
previous state. In this way the required model form of 1 1 1k k k kx x u w    A B  can be met. The 
feedback measurement equation is simply: 
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 which fits the form z Hx v  . The above system and measurement equation allow a Kalman filter 
to be created by recursively evaluating the equations. These equations along with the control laws 
can then be implemented on the quad rotor prototype. 

Prototype results. The Quad rotor Prototype was able to achieve tethered stable flight under 
the influence of the Field point controller.  

The next figure shows a section of roll and pitch flight data for a tethered flight. Roll and 
Pitch set-points of 0 degrees were used. 

The prototype was also able to maintain desired angles of pitch and roll when tethered. The 
next figure shows the quad rotor prototype initially being driven by the controller to a roll angle of 0 
degrees and a pitch angle of 0 degrees. After 5 seconds the roll set-point is changed to 15 degrees and 
after 20 seconds it is changed back to 0 degrees. 
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Fig. 3. Controlled Level Flight Attitude 

 
Fig. 4. Controlled Set-Point Attitude Response 

The results show that the designed controller is capable of controlling a tethered quad rotor 
aircraft both for level and tilted attitude set-points. Removal of the tether was trialled but the 
effectiveness of the controller was greatly reduced. Section 8 details the improvements which could 
be made to the controller and prototype and discusses the impact of un-tethered flight on the 
system.  

Conclusion. The quad rotor prototype results show that a stable attitude is able to be 
maintained by the controller whilst the craft is tethered. The craft was not however able to maintain 
a stable attitude untethered. It is thought that the controllability issues were a result of the physical 
quad rotor hardware, as opposed to the developed Kalman filter fusion system and the implemented 
control laws.  

During testing it became evident that it was very difficult to get clean, accurate data from the 
IMU sensors. Even when individual power and grounding was provided the accelerometer data and 
gyroscope data was both noisy and inaccurate. The gyroscope and accelerometer references had to 
be constantly adjusted to provide representative attitude data. 

Another major drawback of the current quad rotor prototype is the motor control system. The 
motor controllers are not linear across the entire range of operation and caused erroneous motor 
speeds even when look-up tables were implemented in the control software. The dynamic response 
of the motors also has a large impact on the controllability of the system. This has been proven in 
simulation.  

Before the developed controller can be fully tested the IMU data problems have to be rectified 
and a new motor control system implemented. It is believed that using a microcontroller instead of 
the Field point module would drastically improve both areas. The IMU sensor could be directly 
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connected to the microcontroller on-board without the need for the large cable runs. Various 
microcontrollers such as the ATMega162 are also capable of producing four accurate variable data 
cycle PWM signals for motor control. This capability could be combined with motor speed 
feedback so that closed-loop control could be implemented for each motor. This would produce far 
more accurate speeds with a far higher response time.  

The work completed has shown that the combination of Kalman filter sensor fusion and PD 
controller can stabilise the attitude of a quad rotor craft. It has also highlighted the importance of 
fast motor response and accurate attitude feedback for such craft. 
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Джони Шариф Дауд, Раад Карим Кадем  
Построение линейно-квадратичного регулятора для стабилизации четырехроторного 
самолета 
Проанализированы преимущества самолетов и вертолетов с вертикальным взлетом и 
посадкой по сравнению с традиционными. Развитие технологий создания системы 
микроэлектромеханических датчиков дает возможность создавать автономные модели 
самолетов вертикального взлета и посадки, чтобы эффективно и рентабельно разрабатывать 
концепции управления и сравнивать их возможности. Рассмотрено проектирование и 
создание четырехроторных автономных самолетов. Разработана и использована 
математическая модель системы; в качестве основы разработан подходящий контроллер. 
Также разработан и включен в систему управления фильтр Калмана. Фильтр дает 
возможность определять высоту самолета на основании обратной связи от ортогонально 
расположенных гироскопов и акселерометров. 
Джоні Шаріф Дауд, Раад Карім Кадем  
Побудова лінійно-квадратичного регулятора для стабілізації чотирироторного літака 
Проаналізовано переваги літаків і вертольотів з вертикальним зльотом і посадкою порівняно 
з традиційними. Розвиток технологій створення системи мікроелектромеханічних датчиків 
дає можливість створювати автономні моделі літаків вертикального зльоту і посадки, щоб 
ефективно і рентабельно розробляти концепції керування і порівнювати їх можливості. 
Розглянуто проектування і створення чотирироторних автономних літаків. Розроблено і 
використано математичну модель системи; як основу, розроблено відповідний контролер. 
Також розроблено і включено в систему керування фільтр Калмана. Фільтр дозволяє 
визначати висоту літака на підставі зворотного зв’язку від ортогонально розміщених 
гіроскопів і акселерометрів. 
 


